To Nigel Hitchin, with admiration, on the occasion of his 70th birthday.
The deformed Hermitian-Yang-Mills equation and Mirror Symmetry
It was discovered a long time ago that there are five perturbatively well-defined 10 dimensional superstring theories: Type IIA, type IIB, type I, heterotic SO (32) and heterotic E 8 × E 8 string theory; see [4] for an introduction into string theory. To get a realistic particle physics model in four dimensions, one needs to study compactifications of string theory on compact 6 (real) dimensional manifolds. It turns out that Calabi-Yau three manifolds [7] play a crucial role in studying supersymmetric compactifications, for which many computations are under control. By choosing different Calabi-Yau geometries and different 10 dimensional string theories, one gets a huge number of string theory vacua in various dimensions. These theories were originally thought to be independent with no obvious relations between them. One of the main discoveries of the second string revolution in the mid-nineties was that these string vacua are, in fact, not independent at all, and most of them are related through various kinds of string dualities. A fundamental example of this was the discovery of pairs of Calabi-Yau manifolds X,X for which IIA string theory on X (resp.X) is equivalent to IIB string theory onX (resp. X) [17] . This duality came to be called mirror symmetry. Mirror symmetry has generated a huge amount of interest among physicists and mathematicians, in part due to its surprisingly successful prediction of enumerative curve counts inside Calabi-Yau manifolds [6] . One basic feature of mirror symmetry is that it exchanges the complexified Kahler moduli space and complex structure moduli space of the mirror pairs. Mirror symmetry often maps one hard quantum problem to a simpler classical geometric problem, for example, the very complicated counting of curves on X is reduced to simpler computation of period integrals onX.
A second major discovery in the second string revolution was the existence of various kinds of extended objects, besides the fundamental string, which are used to define string theory. One of most important classes of these extended objects is the class of D-branes. These new discoveries provided new insights into the understanding of mirror symmetry. Using T-duality and D-branes, Strominger, Yau and Zaslow described a geometric picture of mirror symmetry which is now called the SYZ picture [29] .
The first ingredient of the SYZ picture of mirror symmetry is the so-called T-duality symmetry of string theory [4] . T-duality relates different string theories compactified on circles. Consider a string theory T compactified on a circle S A with radius R. T-duality predicts that it should be equivalent to a different string theory T ′ compactified on a circle S B with radius 1 R . The typical example is type IIA string theory and type IIB string theory which, when compactified on a circle, are related by T-duality.
The second ingredient of the SYZ picture of mirror symmetry is D-branes. The name D-brane is derived from the fact that the world sheet string theory description of these objects has Dirichlet ("D") boundary conditions on the world volume of the brane. We often denote a D-brane as a Dp brane where p denotes the number of spatial dimensions of the brane world volume, and the full space-time dimension of a Dp brane is p + 1. Dbranes are extended objects carrying Ramond-Ramond (RR) charges. Not all D-branes are physically realistic. The realistic D-branes are minimizers of some energy functional, and are usually referred to as BPS. The BPS branes of type II string theory on a Calabi-Yau manifold X have been classified into two kinds in the large volume/ large complex structure limit: one type of D-brane is a special Lagrangian submanifold of X and the other type is a complex submanifold. A D-brane has a quantum moduli space which is related to the geometry it probes in an interesting way; for example, the quantum moduli space of D0 brane probing a Calabi-Yau manifold X is nothing but X itself.
Let us consider how T-duality acts on D-branes; T-duality maps a D-brane wrapping on circle S A to a D-brane sitting on a point of the dual circle S B (and vice versa). Combining T-duality and the existence of D-branes, SYZ proposed the following geometric picture of mirror symmetry: consider a 3-dimensional Calabi-Yau manifold X which has a T 3 fibration. If we compactify type IIB string theory on X and apply T-duality to every fiber, we should get a type IIA string theory on the mirror manifoldX. BPS D-branes of the type IIB string are required to be special Lagrangians, while BPS D-branes of the type IIA string are required to be complex submanifolds. If we wrap a D3-brane on a T3 fiber, we get D0-brane on the mirror manifold after T-duality. The quantum moduli space of original D3-brane should equal to the moduli space of D0-brane which is then equal to the mirror manifoldX. ThereforeX arises as the dual torus fibration and its geometry can be understood from the D-brane moduli space associated special Lagrangian torus fibre of X. Conjecture 1.1 (Stominger-Yau-Zaslow, [29] ). Let X andX be a mirror pair of CY manifolds. Near the large volume/ large complex structure limits:
• X andX admit dual special Lagrangian torus fibrations µ : X → B andμ :X → B over the same base B.
• There exists a fiberwise Fourier-Mukai transform which maps Lagrangian submanifolds of X to coherent sheaves onX.
1.1. The D-brane effective action and the deformed Hermitian Yang-Mills equation. D-branes play an important role in SYZ picture of mirror symmetry and homological mirror symmetry, so it is interesting to further study their behavior under mirror symmetry. D-brane dynamics can be studied using the low energy effective action, and in particular BPS solutions are described as critical points of this action. The bosonic part of supersymmetric Dirac-Born-Infeld (DBI) action of a single Dp brane has the following form:
Here g µν is the pull-back of the metric, and F µν is the modified two form F µν = 2πα ′ (F −B) with F is the field strength of a gauge field on the D-brane world volume, and B the the pull-back of NS two form, often called the B-field. T p and µ are the brane tension and brane charges respectively, while C is the formal sum of RR fields C (r) :
This action is invariant under the κ symmetry (a fermionic local symmetry) and spacetime supersymmetry, and we can combine both in determining the fraction of unbroken supersymmetry by solving following equation
Here η is the spacetime spinor, and Γ is a Hermitian traceless matrix satisfying
Let's focus on a Calabi-Yau three manifold from now on, and assume we have a no-where vanishing holomorphic three form Ω and a Kahler form J (to be consistent with the physics notation). The solutions of the BPS equation for the DBI action of a Dp brane were derived in [26] . We have • p + 1 = 2n is even: M is holomorphic, and the modified field strength satisfies the following equation
Here f * (J) is the pull back of Kahler form on cycle M . This equation is called the deformed Hermitian Yang-Mills equation. Notice that there is a α ′ factor in front of F, so the leading order term of the second equation is then
which is simply the Hermitian-Yang-Mills equation. The second equation can also be put in the following form
where J is the Kahler form. The SYZ picture of mirror symmetry uses D-branes wrapping on the whole T 3 fibre of X, and the dual is a brane wrapped on a single point of the dual torus fibre of the mirror manifoldX. If we study BPS D-branes wrapping on a single point of the torus fibre and wrapping on the whole base B, after T-duality the mirror should be a D brane wrapping on the whole manifoldX.
It is in general difficult to study the full moduli space of D-branes, but it is possible to check the above picture by looking at the semi-flat limit of the SYZ torus fibration [24] . We briefly recall the set-up for semi-flat mirror symmetry, but refer the reader to the beautiful paper of Hitchin [19, 20] (see also [23] ). Fix an affine manifold D, which we assume is a domain in R n (for example, the fundamental domain of a torus). Let x i denote coordinates on D, and let y i be coordinates on T D induced by
The bundle T D carries a natural complex structure making the coordinates z i = x i + √ −1y i holomorphic. At the same time, the bundle T * D carries a natural symplectic structure by defining
Pulling back φ by π to the total space of T D induces a Calabi-Yau metric, and hence a metric on T * D. By the 2 of out 3 rule for Kähler manifolds, this induces a complex structure on T * D. We can compactify this picture by taking dual lattices Λ ⊂ T D, and Λ * ⊂ T * D, and passing to the quotient X := T D/Λ,X := T * D/Λ * . In this case X,X are mirror Calabi-Yau manifolds. This is semi-flat mirror symmetry. In local coordinates, the Ricci-flat Kahler metric and Kähler form on X are
The SYZ mirrorX is found by T-duality on the torus fibers. Letỹ i denote coordinates on T * D dual to y i . Define coordinatesx by the Legendre transform of φ, ∂x j ∂x k = φ jk . The reader can calculate directly thatz j =x j + √ −1ỹ j define holomorphic coordinates on X. In this notation the geometric data forX is:
We now consider a section of the fibrationπ :X → D, σ := {x →ỹ i (x)}. This section will be Lagrangian if ∂ỹ i ∂x k = ∂ỹ k ∂x i which implies that σ can be (locally) written as the graph of a 1-form df : D →X. Now we impose the assumption that σ is special Lagrangian; namely
for a constantθ. It is most convenient to write the graph in terms of the Legendre transformed coordinates. We have ∂f ∂x j dx j = φ jℓ ∂f ∂x j dx ℓ so in terms of the Legendre transform coordinates the graph is
It follows that
and thus the special Lagrangian condition is
In order to translate this to the mirror manifold X, we will need the Fourier-Mukai transform. Fix a point x ∈ D, and consider the fiberT =π −1 (x) ⊂X. This is the dual torus to T = π −1 (x) ⊂ X. A pointŷ ∈T defines a map T → R/Z, by y →ŷ j y j . This map is induced from integrating the flat connection
on the trivial C bundle over T . This construction, performed on each fiber, yields a U (1) connection on X, and so a complex line bundle L with connection D A . The curvature of this bundle is
The (0, 2) part of the curvature is given by
and so the induced bundle L has a holomorphic structure precisely when the section σ is Lagrangian. The complex structure of L is given by the operator
Recall that σ is the graph of df . Therefore a holomorphic frame for L is given by the section σ = e f , and in this frame, the connection is the Chern connection with respect to the metric h = e 2f .
Let's see what this corresponds to under the Fourier-Mukai transform. The (1, 1) component of the curvature of the mirror line bundle L with connection D A is
where in the last line we used the Lagrangian condition. Now, using the Legendre transform we can write
Summarizing we have that the curvature F A satisfies the following equations:
which is precisely the dHYM equation. This correspondence easily extends to the general setting where σ is equipped with a flat U (1) connection.
Analytic aspects of the dHYM equation
Let (X, ω) be a compact Kähler manifold, and let a ∈ H 1,1 (X, R) be a given cohomology class. Often we will assume that a = c 1 (L) for some holomorphic line bundle L, but this is only for aesthetic purposes. We do not assume X is Calabi-Yau, as in general BP S D-branes correspond to solutions of the deformed Hermitian-Yang-Mills (dHYM) equation supported on proper submanifolds of a Calabi-Yau. We are interested in the following question.
Question 1.
When does there exist a smooth representative α of the fixed class a so that
where e √ −1θ ∈ S 1 is a constant, and r : X → R >0 is a smooth function.
Strictly speaking, comparing the expression (2) with (1), the reader will see that we are considering the dHYM equation for L −1 , but this is just a matter of convention. We make a few preliminary observations. First, fix a point p ∈ X, and choose holomorphic coordinates centered at p so that
Invariantly, the numbers λ i are the eigenvalues of the relative endomorphism ω −1 α; we will sometimes refer to these as the eigenvalues of α, and we hope that no confusion will result. At p we have
In this notation the deformed Hermitian-Yang-Mills equation can be written has
The constant e √ −1θ is determined by cohomology by the requirement
.
From this observation we obtain the first obstruction to existence of solutions to the deformed Hermitian-Yang-Mills equation. 
This obstruction is non-trivial in dimensions n ≥ 3, and we will return to it in the next section. Fix a reference metric α 0 ∈ a. By the ∂∂-lemma, any representative of a can be written as
where φ : X → R. By (4), the deformed Hermitian-Yang-Mills equation is the natural complex geometric analog of the special Lagrangian graph equation, which we essentially recounted in Section 1. Let us recall this problem explicitly. Let C n = R n + √ −1R n , which we equip with the standard Calabi-Yau structure
Let f : R n → R, and consider the graph of the gradient map of x → (x, ∇f (x)), which we denote by L. We seek f so that L is special Lagrangian with respect to the Calabi-Yau structure defined by ω, Ω. That is,
for some constant e √ −1θ ∈ S 1 . A straightforward computation shows that this is equivalent to
where λ i are the eigenvalues of the D 2 f . Special Lagrangian manifolds were first introduced by Harvey-Lawson [18] as an example of a calibrated submanifold. In particular, special Lagrangian submanifolds are automatically volume minimizing in their homology class. We refer the reader to [19] for a beautiful introduction to study of sLag manifolds. Solutions of the deformed Hermitian-Yang-Mills equation also minimize a certain volume functional. Consider the map
Where r ω (α) is defined in (3). We have Proof
where L ij t is the linearized operator of Θ ω (·) at the point (1 − t)α 1 + tα 2 . Since this is uniformly elliptic, the strong maximum principle implies φ 1 − φ 2 is constant.
A slightly more general result is Lemma 2.4. Suppose ω is a Kähler form, and α ∈ a has the property that osc X Θ ω (α) < π.
If α ′ is another representative of the class a with osc X Θ ω (α ′ ) < π, then we have
Proof. The assumption that osc X θ ω (α) < π implies that (ω + √ −1α) n ω n lies in a half space, and hence the integral cannot vanish. To prove the second point define the interval
Writing α ′ = α + √ −1∂∂φ and looking at the maximum and minimum of φ we see that I(α) ∩ I(α ′ ) = ∅. On the other hand, we have points θ α ∈ I(α) and θ α ′ ∈ I(α ′ ) with θ α =θ mod 2π = θ α ′ . Since I(α), I(α ′ ) have length π, this implies θ α = θ α ′ . Definition 2.5. Supposing that there exists some α ∈ a with Osc X Θ ω (α) < π, we will define θ = θ α as in Lemma 2.4 to be the lifted angle. Since this is independent of the choice of α, we will drop the subscript α.
Remark. We note that the lifted angle is, a priori, not determined by cohomology. We will discuss this issue in the next section.
Let us now return to the problem of solving the deformed Hermitian-Yang-Mills equation. Jacob-Yau [21] studied the solvability of the deformed Hermitian-Yang-Mills equation via a heat flow method. They considered the flow
where θ is the lifted angle (assuming this is well-defined). They proved Theorem 2.6 (Jacob-Yau [21] ). Suppose that (X, ω) has non-negative orthogonal bisectional curvature. Let L → X be an ample line bundle. Let h 0 be a positively curved metric on L. Then for k sufficiently large the heat flow (5) for metrics on L k with initial data h k 0 exists for all time and converges to a solution of the deformed Hermitian-Yang-Mills equation.
Remark. The reader can easily check that if a is a Kähler class ample then for k sufficiently large the lifted angle of ka is well-defined.
Furthermore, in dimension 2, Jacob-Yau showed that the dHYM equation could be rewritten as the complex Monge-Ampère equation. As a result, on complex surfaces they gave necessary and sufficient algebraic conditions for the existence of solutions to the dHYM equation based Yau's solution of the complex Monge-Ampère equation [32] and the Demailly-Pȃun characterization of the Kähler cone [11] . In general it is desirable to obtain existence results for solutions of dHYM without any assumptions on the curvature of (X, ω). Observe that if a solution α of the deformed Hermitian-Yang-Mills equation exists then for every 1 ≤ j ≤ n we have
where λ i are the eigenvalues of α. Conversely, we have the following; Theorem 2.7 (Collins-Jacob-Yau [9] ). Suppose there exists a (1, 1) form χ ∈ a such that
2 ) be the lifted angle. Suppose that for every 1 ≤ j ≤ n we have
where µ i are the eigenvalues of χ. Then there exists a smooth solution of the deformed Hermitian-Yang-Mills equation.
We make a few remarks about the theorem. First of all, the conditions are clearly necessary in order to solve the equation. Secondly, the assumption that θ ω (χ) ∈ ((n − 2) π 2 , n π 2 ) is superfluous as soon as the lifted angle θ satisfies
We remark also that if α is a Kähler form, then for k sufficiently large we can always ensure that kα satisfies (6).
Algebraic aspects of the deformed Hermitian-Yang-Mills equation
We now turn our attention to the algebraic aspects of the dHYM equation. There are essentially two questions we would like to discuss in this section. In regards to the second point, it is useful to recall the origin of the dHYM equation as the equation of motion for BPS D-branes on the B-model. Douglas proposed a notion of Π-stability which he predicted would be related to the existence of BPS D-branes in mirror symmetry [15, 16] . Motivated by these ideas, Bridgeland [5] developed a theory of stability conditions on triangulated categories; we refer the reader to [2] for a nice introduction to these ideas with connections to physics and mirror symmetry. Since the dHYM equation is the geometric equation of motion for a BPS D-brane on the B-model, it is reasonable to expect that the solvability of the equation should be linked with Π-stability, or more generally Bridgeland stability. The study of Bridgeland stability conditions has attracted considerable interest since their introduction. Even a partial recounting of theory of Bridgeland stability conditions, and the many important results in this area, is far beyond the scope of this article. Nevertheless, we will recall briefly the salient features which seem to appear in the study of dHYM; we refer the reader to [25] and the references therein for more on this active area of research.
We will focus specifically on the case of interest to mirror symmetry, so that the triangulated category is D b Coh(X).
where [1] denotes the "shift" functor, (2) if ϕ 1 > ϕ 2 and A ∈ P(ϕ 1 ), B ∈ P(ϕ 2 ), then Hom(A, B) = 0, (3) every E ∈ D b Coh(X) admits a Harder-Narasimhan filtration by objects in P(φ i ) for some 1 ≤ i ≤ m.
We refer to [5] for a precise definition of the Harder-Narasimhan property. A Bridgeland stability condition on D b Coh(X) consists of a slicing together with a central charge (see below). For BPS D-branes in the B-model, the relevant central charge is given by
Often a factor of T d(X) is also included, but we will take the above choice (see, for example, [3, 1] ).
Definition 3.2. A Bridgeland stability condition on D b Coh(X) with central charge Z ω is a slicing P satisfying the following properties (1) For any non-zero E ∈ P(ϕ) we have
where · is any norm on the finite dimensional vector space H even (X, R).
Given a Bridgeland stability condition we define A := P((0, 1]) which is called the heart. An object A ∈ A is semistable (resp. stable) if, for every surjection A ։ B we have ϕ(A) ≤ ( resp. <) ϕ(B).
In order to make aesthetic contact with Bridgeland stability we will consider throughout this section the case when a = c 1 (L) for some holomorphic line bundle L. This does not serve any purpose other than to make the formulae slightly more appealing. Furthermore, the dHYM equation with transcendental cohomology class also appears in mirror symmetry as the equation satisfied by "complexified Kähler forms" [23] . First we note that for representative α ∈ c 1 (L) we have
and hence we have
We are therefore lead to consider
Note that if L admits a solution of the deformed Hermitian-Yang-Mills equation with
If γ(t) ∈ C * , then we can define θ(L) := Winding angle γ(t)
as t runs from +∞ to 1. In complex dimension 1 we have
and so
where Arg p.v. denotes the principal value of Arg with values in (−π, π]. In dimension 2 we have
If γ(t) = 0 for some t ∈ [1, ∞), then we must have
But in this case the Hodge index theorem says that X c 1 (L) 2 ≤ 0, and hence Re(γ(t)) = 0. Thus γ(t) lies in C * and hence θ(L) is well defined. Furthermore, we have
In three dimensions we encounter the first difficulty. We write
In general, γ(t) may pass through 0 ∈ C, and in fact, one can construct examples of such behavior on the blow up of P 3 in a point. However, assuming we have a solution of the deformed Hermitian-Yang-Mills equation, we can prove that this is not the case.
2 ). Then γ(t) ∈ C * for all t ∈ [1, ∞). This follows from the Chern number inequality
Proof. We will use the deformed Hermitian-Yang-Mills equation pointwise to prove the inequality. Suppose first that θ ∈ (π, 3π 2 ). Since
we must have that α is a Kähler form. Since c 1 (L) admits a solution of the dHYM equation, if γ(t) passes through the origin at time T , we must have that T > 1. Solving for T we have
Plugging this into the equation for Im(γ(T )) = 0 we see that we must have
We will show this cannot happen. Fix a point p ∈ X, and left λ = (λ 1 , λ 2 , λ 3 ) be the eigenvalues of α with respect to ω. We write the deformed Hermitian-Yang-Mills equation as
Let σ 1 , σ 2 , σ 3 be the symmetric functions of degree 1, 2, and 3 respectively. For example;
We have
ω 3 3 and so we can write the deformed Hermitian-Yang-Mills equation as
Since λ i > 0 for all i we have
Since θ ∈ ( π 2 , 3 π 2 ) we have 1 − σ 2 < 0, and so we obtain tan(θ) < σ 1 .
Since θ is constant we integrate both sides with respect to ω 3 to get
On the other hand, by definition we have
. By the assumption on θ the denominator is positive, and so we can rearrange this inequality to obtain the result. The remaining case, when θ ∈ ( π 2 , π] is even easier, using only that tan(θ) ≤ 0 < σ 1 .
We leave the details to the reader.
With this proposition in hand it is easy to see that θ(L) is precisely the constant appearing on the right hand side of the deformed Hermitian-Yang-Mills equation, provided a solution exists. The main new difficulty in dimension 3 which is not present in dimension 1 or 2 is to determine the algebraically the lifted angle of solutions to the deformed Hermitian-Yang-Mills equation when Z ω (L) has
The primary difficult is that solutions to dHYM with phase θ ∈ (− 3π 2 , −π]∪[π, 3 π 2 ) are both mapped into this quadrant. One way to distinguish these two cases is to determine whether Re(Z tω (L)) is positive or negative when Im(Z tω (L)) = 0. This is precisely what the Chern number inequality proved in Proposition 3.3 accomplishes. In arbitrary dimension this problem will be even more complicated as it will require keeping track of the signs of the real and imaginary parts of Z tω (L)) and any point time where Z tω (L)) crosses the real or imaginary axes.
We note that conjectural Chern number inequalities involving ch 3 have appeared in the literature on Bridgeland stability conditions [3] . These inequalities play a fundamental role in establishing the existence of stability conditions. We note, however, that a counter example to the conjectural inequality in [3] was found by Schmidt [27] . It would be very interesting to extend these inequalities to higher rank bundles admitting solutions of dHYM. We end by remarking that, in this correspondence between dHYM and Bridgeland stability, the lifted angle θ(L) is not the same as the slicing angle ϕ(L); instead, the two are related by a constant depending on the dimension of support of L. When L is a line bundle this is nothing but the dimension of X, but similar ideas hold for line bundles supported on proper analytic sets, which appear as torsion sheaves in D b Coh(X).
We now turn to the problem of finding algebro-geometric obstructions to the existence of solutions to the deformed Hermitian-Yang-Mills equation. Recall that, if we have a solution of the deformed Hermitian-Yang-Mills equation with lifted phase θ ∈ (n − 2 π 2 , n π 2 ), then necessarily there is an element χ ∈ c 1 (L) such that for each 1 ≤ j ≤ n we have
In fact, for every subset J ⊂ {1, 2, . . . , n} with #J = p we have
Consider the form
Fix a point p ∈ X, and choose coordinates so that
where r j > 0, and
Consider the real (n − 1, n − 1) form given by
By assumption we have for each 1 ≤ j ≤ n
in the sense of (n − 1, n − 1) forms. In particular, if V ⊂ X is a irreducible analytic subvariety with dim C V = n − 1, then we must have
Similar inequalities hold for irreducible analytic subvarieties of all dimension, with the same proof. . Then for every irreducible analytic subvariety V ⊂ X of dimension 1 ≤ p < n we have (8) Im
In terms of the central charge we can write this in the following way. Define
then we must have
To relate this to the Bridgeland stability condition we would like to think of inequality (9) as saying that the surjection L ։ L ⊗ O V does not destabilize L, where O V is the skyscraper sheaf with support on V . Unfortunately this is not quite correct (unless T d(X) = 1), since We end by noting some evidence for the conjecture. First of all, the conjecture holds in complex dimension 2 [21, 9] . In general, we consider an asymptotic version of the conjecture. Suppose that L is an ample line bundle. We ask the following question Question 2. When can we find a metric h on L, such that the induced metric h k on L k solves the deformed Hermtian-Yang-Mills equation for k ≫ 1?
Replacing α → kα we see that, up to rescaling, the deformed Hermitian-Yang-Mills equation on L k is cα n = nα
where the constant c is determined by
This equation has a long history in Kähler geometry. It was discovered independently by Donaldson [12] and Chen [8] , and was studied from the analytic point of view by Weinkove [30, 31] and Song-Weinkove [28] . Let us consider the asymptotic version of Conjecture 3.5. First, we observe that
and therefore
Note that this agrees with the leading order term in the expansion of Z V,ω (L k ). We obtain
+ lower order .
The formal limit of Conjecture 3.5 is therefore In fact, this conjecture was discovered from a very different point of view than the one discuss here. The work of Lejmi-Székelyhidi [22] is based on an extension of K-stability, which plays an important role in the existence of constant scalar curvature Kähler metrics [13, 14] . We have Theorem 3.7 (Collins-Székelyhidi [10] ). Conjecture 3.6 is true when X is toric.
